Abstract. We classify the transitive, effective, holomorphic actions of connected complex Lie groups on complex surfaces.
Introduction
This paper classifies faithful transitive holomorphic actions of connected complex Lie groups on complex surfaces; see table 6 on page 28. Lie classified the germs near a generic point of holomorphic actions of complex Lie algebras on complex surfaces [5] p .767-773 (also see Mostow [6] , [8] p. 472); there are 27 connected families of equivalence classes of actions. The intransitive actions are not considered in this paper, but they appear in Lie's classification. Tits [11] classified the compact complex manifolds of dimensions 2 and 3 acted on holomorphically and transitively by complex Lie groups. Erdman-Snow [1, 10] classified the complex solv-manifolds (i.e. quotients of a complex solvable Lie group by a discrete subgroup) of complex dimension 1, 2 or 3. Huckleberry and Livorni [2, 4] classified the complex surfaces which admit transitive holomorphic actions (also see [7] ). Winkelmann [13, 15, 14, 16] classified the complex 3-manifolds which admit transitive holomorphic actions. Those papers classified the complex manifolds but not the actions. There are also some disconnected complex Lie groups containing the groups listed in table 6 on page 28; we ignore these, but the interested reader can consult Huckleberry [2] for some information.
Quotients of Lie group actions
A complex homogeneous space is a pair (X, G) of a connected complex manifold X with a connected complex Lie group G acting holomorphically, transitively and effectively on X. For each transitive Lie algebra action germ in any of Lie's families, there is (up to isomorphism) a unique complex homogeneous surface (X, G) with X simply connected inducing this Lie algebra action germ. In our table, this complex homogeneous surface (X, G) is listed first, followed by all of complex homogeneous surfaces (X , G ), with X not necessarily simply connected but covered by X, with G covered by G, with the same Lie algebra action germ.
A morphism of complex homogeneous spaces is a pair (δ, h) where δ : X → X is a holomorphic map equivariant for a holomorphic group morphism h : G → G . The quotient surfaces (X , G ) (for which δ is a submersion) of a given complex homogeneous surface (X, G) correspond to the discrete groups π acting on X holomorphically, freely and properly so that every element of π commutes with every element of G: X = X/π, G = G/ (π ∩ G). For example, if X = C 2 and G = C 2 acts by translation, then any element of π must commute with translations, so must be a translation. Hence π can be precisely any discrete subgroup of the translation group and X = C 2 /π. If a diffeomorphism f commutes with all elements of G, it preserves the fixed locus of every element of G. We start our search for candidates π by looking for the biholomorphisms f which commute with every element of G and have no fixed points and preserve the fixed point locus of any element of G. We then ask which discrete groups of such biholomorphisms act freely and properly.
Lie's classification into families
Lie doesn't specify whether he is classifying the real Lie algebra actions on real surfaces or the complex Lie algebra actions on complex surfaces; the classification turns out to be essentially the same. Lie categorized the families of holomorphic Lie algebra actions on surfaces according to various series:
A no invariant holomorphic foliation B one invariant holomorphic foliation C 2 invariant holomorphic foliations D a one parameter family of invariant holomorphic foliations E an infinite dimensional family of invariant holomorphic foliations.
The B series splits into subseries, according to whether the quotient group on the space of leaves is
Bα not transitive Bβ 1-dimensional Bγ 2-dimensional Bδ 3-dimensional. In this paper we can ignore the Bα subseries, because the single action it contains is intransitive. The C series splits into 9 subseries, with no obvious geometric interpretation, called C1, C2, . . . , C9. Both C1 and C4 are intransitive, so we ignore them. The D series splits into 3 actions, D1, D2 and D3, all of which are transitive. The E series has only one action, which is intransitive, and so we ignore it.
Biholomorphism groups of some bundles
Recall the biholomorphism groups of the complex homogeneous curves; E a = C/Z [1, a] is an arbitrary elliptic curve and ω = e πi/3 and τ is not in Z[1, i] ∪ Z [1, ω] .
Example 4.1. Take Λ ⊂ C a lattice and c ∈ C × a number so that cΛ = Λ. Let π be the group of biholomorphisms of C 2 generated by (z, w) → (z + 1, cw) and (z, w) → (z, w + λ) for any λ ∈ Λ. Let S c = C 2 /π and consider the holomorphic bundle C/Λ → S c → C × given quotienting the maps w → (z 0 , w) and (z, w) → z by π-action. Proposition 4.2. The biholomorphism group of S c is the quotient G/π with G the group of the following biholomorphisms, where b ∈ C × , bΛ = Λ, λ 0 ∈ Λ and f : C × → C/Λ is any holomorphic function.
c (z, w) → 1 ±z + z 0 , bw + f e 2πiz −1 ±z
Proof. Let S = S c . The fundamental group π = π 1 (S) is π = Z Λ. The fibration (z, w) → z descends to a fibration S → C × . The holomorphic functions on S are precisely the pullbacks via this fibration, because the fibers are compact. Identify the base of the fibration with the ideals in the algebra of holomorphic functions on S: the fibration is equivariant under biholomorphisms of S. Pick a biholomorphism of S. Composing with the obvious biholomorphism (z, w) → (z + z 0 , w), arrange that our biholomorphism takes z = 0 to z = 0.
Suppose that c = 1, i.e. the bundle is trivial. Composing with (z, w) → (−z, w), arrange that our biholomorphism is the identity on the base of the fibration, so a 1-parameter family of automorphisms of an elliptic curve, parameterized by maps
Assume that c = 1. The biholomorphism lifts to a map
equivariant for an automorphism h : π → π:
The fibration is preserved so Z = Z(z) lifts a biholomorphism of C × : Z(z) = ±z+z 0 for some z 0 ∈ C, so h(k, λ) = (±k, λ (k, λ)). The derivatives W z and W w are invariant under the action of Λ ⊂ π, so (for any fixed z) are functions on the elliptic curve C/Λ, so independent of w: W (z, w) = a(z)+bw for some constant b with bΛ = Λ and some holomorphic function a(z) so that a(z+k)−c ±k a(z)+bw c
, and then h(z + 1) + h(z) = 0, so h(z) is a function of e πiz , say h(z) = g e πiz , for some g(s) holomorphic on C × and then g(s) + g(−s) = 0, i.e. g(s) = sf s 2 where f is holomorphic on C × . If c = 1 and c = −1 then we have c k = c ±k so that ± = + and Z(z, w) = z + z 0 and write c = e 2πip/q for some integers p, q with q = 0. Then a(z) = λ 0 /(1 − c) + e 2πipz/q f e 2πiz for an arbitrary holomorphic function f on the base.
Quotient-free actions
The following elementary examples of homogeneous spaces admit no quotients.
rescaling and translation plane
For actions A2, A3, C3 and D3 the group G contains all translations of the plane X = C 2 . Any biholomorphism commuting with translations is a translation. Each of these groups contains a rescaling, which does not commute with any nontrivial translation. Therefore these actions have no quotients.
For each of the actions A1, A2, A3, C3, C6, C7 and D3, each point of the surface X is the unique fixed point of some element g ∈ G. A biholomorphism of X commuting with every element of G fixes every element of X: these actions have no quotients.
C2: translation times affine line
Take X = C × C and G = C × Aff C (C) the product of the translation and affine groups in the product action. The quotients of this action are precisely those of the form X = (C/∆) × C and G = (C/∆) × Aff C (C) for any discrete subgroup ∆ ⊂ C.
C5: projective times translation line
Take X = P 1 ×C, G = PSL(2, C)×C with the product action. A biholomorphism (z, w) → (Z, W ) commuting with all elements of G commutes with translations of w, so Z(z, w) = Z(z, 0) and W (z, w) = W (z, 0) + w. The map z → W (z, 0) is a holomorphic function on P 1 so constant: our biholomorphism belongs to G. For any point z 0 ∈ P 1 , there is an element g ∈ G whose locus of fixed points is precisely {z 0 } × C. Our biholomorphism, to commute with g, preserves this locus, so Z(z 0 , 0) = z 0 for all z 0 ∈ P 1 : there is a constant c so that (Z(z, w), W (z, w)) = (z, w + c). The quotients of this group action are X = P 1 × (C/∆), and G = PSL(2, C) × (C/∆), ∆ ⊂ C an arbitrary discrete subgroup.
D1: the translation plane
Take X = G = C 2 . As for A2, the quotients of this action are precisely X = G = X/π, for any discrete subgroup π ⊂ C 2 . The automorphism group of G is Aut G = GL(2, C). If π has rank 1 (i.e. is generated by a single element), arrange π = (1, 0) so X = C × ×C. If π has rank 2 and lies in a proper complex subspace of C 2 , arrange that subspace to be the complex span of (1, 0) so X = (C/π)×C where (C/π) can be any elliptic curve, and by automorphism arrange π = (1, 0) , (τ, 0) for some τ with positive imaginary part, uniquely determined up to SL(2, Z)-action. If π has rank 2, and does not lie in a proper complex subspace of C 2 , arrange that π = (1, 0) , (0, 1) so X = C × × C × . If π has rank 3, then π has complex span all of X = C 2 and the real span Rπ of π contains a unique 1-dimensional complex subspace G 0 = Rπ ∩iRπ. Let π 0 = π ∩G 0 and let X 0 be the orbit of G 0 through the origin; the trivial fibration X 0 → X →X quotients to a fibration X 0 → X →X , X 0 = X 0 /G 0 whereX is the space of orbits of G 0 acting on X . Since the action is transitive, π = π/π 0 is a discrete subgroup of C so has rank 0, 1 or 2, and correspondingly π 0 has rank 3, 2 or 1.
If π has rank 2, then π = (1, 0) , (τ, σ) , (0, 1) after perhaps applying an automorphism. If π has rank 1, then π = (1, 0) , (τ, 0) , (0, 1) after perhaps applying an automorphism. If π has rank 0 then π 0 is a rank 3 discrete lattice in C, a contradiction. The quotients of (X, G) = C 2 , C 2 are as follows; take τ any complex number in the upper half plane, σ ∈ C × and Λ = Z[1, τ ] and let π ⊂ C 2 be the group generated by the listed generators.
The delicate case of π generated by (1, 0) , (τ, σ) , (0, 1) clearly reduces to the previous case when σ = 0, so as we vary σ we find a family of C × -bundles over an elliptic curve, and this family contains a trivial bundle at σ = 0: each bundle X 0 → X →X in the family is topologically trivial. As Huckleberry and Livorni [4] p. 1100 point out, a holomorphic nonconstant function on X pulls back to a holomorphic nonconstant function on X = C 2 invariant under π, which one checks forces σ = 0. Hence X 0 → X →X is a holomorphically trivial bundle just when σ = 0. Huckleberry and Livorni [4] p. 1100 also prove that every topologically trivial C × -bundle over any elliptic curve arises as above as X = C 2 /π. It is remarkable that G = X is an abelian complex Lie group. 9. C8: affine plane with 1-dimensional stabilizer Looking for suitable Lie algebras, we see that the connected 1-dimensional complex subgroups H ⊂ C × × C × are parameterized by taking any p ∈ C 2 − 0 and mapping λ ∈ C → e p1λ , e p2λ ∈ H.
Rescaling p doesn't change H, so denote H by H p for p ∈ P 1 . Embed
Define a group of affine transformations
2 is C2; see section 6 on the preceding page. If p = 1, the action of G 1 on C 2 is D3; see section 5 on page 4. For p = 0, 1, ∞, Lie denoted the action of G p on C 2 as C8. As for A2, C8 has no quotients.
10. C9: the affine quadric surface 10.1. Definition. The surface X = P 1 × P 1 \ diagonal is the set of ordered pairs of distinct points of the projective line; G = PSL(2, C) acts on the projective line and so on its pairs of points. Identify X with a smooth affine quadric surface in
View the quadric X as the set of traceless 2 × 2 matrices A ∈ sl(2, C) so that det A = 1, an adjoint orbit of G. The surface X is a bundle of affine lines over a projective line, C → X → P 1 , by the fibration taking (α, β) → α, with fiber parameterized by αβ α−β . 10.2. Quotient spaces. Given any point of X, say (α, β) with α = β ∈ P 1 , the quadratic polynomial a z 2 + b z + c = (α − z) (β − z) has roots at α and β. This quadratic polynomial is uniquely determined up to scaling, and satisfies b 2 − 4 ac = 0, since it has two distinct roots. Map
so X → X is a 2-1 covering space, and X is also a homogeneous space for the same Lie group: G = G.
Given any two distinct points α, β, there is a 1-parameter subgroup of G fixing precisely α and β in P 1 , and therefore acting on X fixing or interchanging the two points (α, β) , (β, α) ∈ X. Any biholomorphism of X commuting with all elements of G leaves invariant the fixed locus of each element of G, so leaves every point of X fixed or maps (α, β) → (β, α). The biholomorphisms of X commuting with G are id, (α, β) → (β, α), so X is the only quotient.
The biholomorphism group of the affine quadric is an infinite dimensional BanachLie group [3] . The group of regular algebraic morphisms of the affine quadric is not known [12] . By our global classification of Lie group actions in this paper, neither group contains any finite dimensional transitive complex Lie subgroup other than PSL(2, C) and its conjugates.
11. D2: the affine group 11.1. Definition. Up to biholomorphic isomorphism, there is a unique 2-dimensional connected and simply connected nonabelian complex Lie group; call it G = Aff C (C), since it is the universal covering group of the group of complex affine transformations of C. Write elements of Aff C (C) as pairs (a, b):
associating to each pair an affine transformation
11.2. Quotient spaces.
Lemma 11.1. The biholomorphic automorphisms of G are precisely the maps
In particular, all biholomorphic automorphisms of G are inner.
Proof. Suppose that (A, B) = (A(a, b), B(a, b)) is a holomorphic group morphism, so
Taking the rule
and first taking b = a = 0,
and then letting b = e a b , we find
On the other hand, taking a = b = 0,
is not a biholomorphism. So α = 1 and B(a, b) = B(a, 0) + βb, and the equation
says that (if we let B(a) = B(a, 0)):
Let a = h and
so that B (a) = e a B (0), and we integrate to find B(a) = γ (1 − e a ) for some constant γ:
which is an isomorphism.
Lemma 11.2. Suppose that G is a connected nonabelian complex Lie group of 2 complex dimensions and X = G/π where π ⊂ G is any discrete central subgroup. No compact complex surface admits any holomorphic (X, G)-structure. As a special case, G contains no cocompact lattice. In particular, the complex affine group Aff C (C) contains no cocompact lattice, nor does its universal covering group Aff C (C).
Remark 11.3. More generally, the same argument holds for (X, G)-structures, with X = G/H, whenever there is a form ξ ∈ Λ n−1 (g/h) H (where n = dim g − dim h) which is not closed in the differential of Lie algebra cohomology.
Proof. Suppose that π ⊂ G is a cocompact lattice. Then M = G/π has a holomorphic (X, G)-structure. More generally suppose that M is a compact complex surface with flat holomorphic (X, G)-connection. Write the induced Cartan connection [9] (induced by the right invariant Maurer-Cartan 1-form on the model X) as
is a volume form,
to which we apply Stokes's theorem:
Remark 11.4. If X = G is a group, then the transformations of X which commute with G are maps f :
e. right translations. Any quotient X is a quotient by a group π ⊂ G of right translations acting properly. The quotient group G is G/ (G ∩ π), but where π acts on the right and G on the left, so G ∩ π means Z(G) ∩ π as subgroups of G.
Remark 11.5. The foliation da = 0 of Aff C (C) is biinvariant. Any quotient X inherits a G -invariant holomorphic foliation. Since G acts transitively on X , G also acts transitively on the space of leaves of the foliation. The leaf space is a Riemann surface; call itX . The G-equivariant diagram X X XX makesX a quotient of the translation action onX = C, soX = C, C × or an elliptic curve C/Λ. Remark 11.6. For any quotient (X , G ) of (X, G), treat the discrete group π as a subgroup of G acting on the right. Our group G = Aff C (C) has an exact sequence
given by inclusion of C = {0} × C ⊂ G = C 2 and projection (a, b) ∈ G → a ∈ C. Applied to π this yields an exact sequence, say
giving a holomorphic fiber bundle X 0 = C/π 0 → X = X/π →X = C/π. In particular, π 0 ,π ⊂ C are both discrete subgroups.
Remark 11.7. For any discrete group π of automorphisms of X commuting with G, the discrete subgroupπ ⊂ C is fixed by automorphisms of G, an invariant of any quotient (X , G ).
for some τ in the upper half plane. We will see that the generators of π are as in table 1, up to isomorphism. Table 1 : Lists of generators for all of the discrete subgroups π ⊂ Aff C (C) up to biholomorphic isomorphism of Aff C (C). Notation:
For the cells marked in gray, the group π generated by the entries is not abelian.
Lemma 11.8. Up to a biholomorphic automorphism of Aff C (C), every discrete subgroup π ⊂ Aff C (C) is in table 1.
Ifπ is generated by one element, and π 0 = {0}, then π = (a, b) for some (a, b) = (0, 0). By an automorphism,
we can then arrange (a, b) = (a, 0) or (2πik, 1) for some k ∈ Z × . If π 0 is generated by one element, we can arrange that that element is (0, 1). Take any element (a, b) ∈ π and calculate the commutator
So e a ∈ Z, and therefore replacing (a, b) by its inverse, also e −a ∈ Z for all (a, b) ∈ π. Therefore e a = ±1 so a = πik for some k ∈ Z. In particular,π can be generated by at most one element:π = πik . If k is odd, we can arrange by automorphism that π is generated by (πik, 0) , (0, 1).
Ifπ is generated by two elements and π 0 = {0} then π is generated by two elements (a 1 , b 1 ) , (a 2 , b 2 ) with a 1 , a 2 Z-linearly independent. Sinceπ is discrete, a 1 , a 2 are R-linearly independent. Let
There is an automorphism which takes (b 1 , b 2 ) → (0, 0) just when the linear system
has solutions γ, β = 0. Take commutator:
Since we assume that π 0 = {0}, det A = 0; solve with some (γ, β) = (0, 0). If every solution (γ, β) has β = 0, then e a1 = e a2 = 1, but a 1 , a 2 are linearly independent over R. So there is a solution (γ, β) with β = 0 and we can assume that
If π 0 is generated by two elements, we can arrange by automorphism that π 0 is generated by (0, 1) , (0, τ ) with the imaginary part of τ positive. Take commutators:
So e a ∈ Λ and e a τ ∈ Λ and therefore e a Λ ⊂ Λ. By the same argument, e −a Λ ⊂ Λ. Therefore e a Λ = Λ. This forces a to lie in the imaginary numbers, so thatπ has rank at most one. If a does not have the form 2πik for some integer k, then we can arrange b = 0 by automorphism. Proceed through the list of lattices and their symmetries in one complex dimension.
Remark 11.9. The fundamental group of a product of homogeneous Riemann surfaces is abelian, so if π is not abelian, then X →X is not a trivial bundle. For each of the abelian groups in table 1 on the facing page, we can map to a product surface X as follows, taking Λ = Z[1, τ ] and Λ = Z [a 1 , a 2 ], and map (a, b) ∈ X to:
Therefore the group π is abelian precisely when the holomorphic fiber bundle X 0 → X →X is holomorphically a product.
is precisely the nonabelian C × -bundle over C × ; see Huckleberry and Livorni [4] p. 1100. Each choice of k yields a different complex homogeneous surface, i.e. a different Aff C (C)-action, but on an isomorphic complex surface. Similarly, the bundles of elliptic curves corresponding to the other nonabelian discrete subgroups π ⊂ G are nontrivial, and all such bundles arise in this way uniquely modulo the value of k, but different values of k yield nonisomorphic group actions. 
(a, 0) The intersection of each discrete subgroup of D1 with the center of D1, i.e. the groups π ∩ G so that G = G/ (π ∩ G) are the quotient groups acting on the quotients X . Let a represent an arbitrary complex number which is not rational, and p/q be an arbitrary rational number in lowest terms. Given a lattice generated by 1, τ , write a for a complex number not in the rational span of 1, τ , and p/q + rτ /q for a complex number for which p, q, r are integers with no common factor. More generally, Λ is a lattice in the complex plane.
(2πi(6k + 1), 0) 
The stabilizer of the origin of C 2 is the subgroup of pairs (0, f ) so that f (0) = 0. The Lie algebra of G D is spanned by the vector fields
Consider three different families of morphisms.
(
where n j ∈ Z >0 is a multiplicity, and λ i ∈ C is a point. Pick any nonzero complex numbers µ, ν and let
Lemma 12.1. Pick effective divisors D and E on C. If there is a biholomorphism δ : C 2 → C 2 equivariant for a morphism h : G D → G E , then modulo compositions of the three morphisms above, δ = id and E − D is effective or zero and h is the inclusion morphism. Isomorphism classes of complex homogeneous spaces C 2 , G D are parameterized by isomorphism classes of effective divisors on C modulo rescaling:
Proof. Suppose that δ : C 2 → C 2 is a biholomorphism, equivariant for a holomorphic Lie group morphism h : G D → G E . Since the actions of G D and G E on C 2 are effective, h is injective. Arrange that δ(0, 0) = (0, 0) by conjugating with the first of our families of morphisms. Write δ as δ(z, w) = (Z, W ) and h(t, f ) = (T, F ). Since h is a homomorphism, 0) , so that T (t, 0) = ct for some constant c = 0. Conjugate with a morphism from the second of our families above to arrange that T (t, 0) = t. Equivariance says
Let f = 0 to get Z(z + t, w) = Z(z, w) + t, i.e. Z(z, w) = z + Z(0, w). Let Z(w) = Z(0, w). Since h is a homomorphism,
Since T (f ) is holomorphic and additive in f , it is linear in the coefficients a jk of f . The coefficients of f (z − t) vary exponentially as we vary t, unless λ j = 0, and so T (f ) depends only on the λ j = 0 coefficients. Suppose first that λ = 0 is a point of positive multiplicity of
for all t, and in particular, if we set t = 0, the right hand side is independent of the variable a, so Z(z, w) = z for all z, w and T (t, f ) = t for all t, f . If f (z) is a polynomial then f (z − t) has coefficients depending on t by the binomial theorem, and T (f (z − t)), to be constant in t depends only on the highest
for any complex numbers a and t. Vary t to see that Z(w) is constant, and plug in Z(0) = 0 to find Z(w) = 0 for all w and b = 0, i.e. T (f ) = 0. Therefore Z(z, w) = z for all z, w and T (t, f ) = t for all t, f . Plug in Z(z, w) = z and T (t, f ) = t to our equation for W to find
Differentiate both sides in w, and use transitivity of the action of G D to conclude that
for some holomorphic function f 0 (z) and some constant ν. Because (Z, W ) is a biholomorphism, ν = 0. Conjugate with one of the isomorphisms above to arrange that ν = 1. Equation 1 becomes
Suppose that p E (z) is the monic polynomial with divisor E. Since p E (∂ z ) F t,f (z) = 0, plug in t = 0 and get V D ⊂ V E , i.e. E − D is effective or zero. Instead plug in f = 0 with arbitrary t:
Conjugate with our third and final isomorphism above to arrange f 0 = 0. So
.e. h = id, and δ = id.
Quotient spaces.
There are infinitely many quotient spaces of C 2 with the same Lie algebra action germ as (X, G) = C 2 , G D . In each of our examples, let D be any effective divisor on C of degree ≥ 2.
Example 12.2 (Bβ1A). Take any discrete subgroup ∆ ⊂ C acting on X = C 2 by translations on the second coordinate. We can assume that ∆ = Z or ∆ = Z[1, τ ] for some complex number τ in the upper half plane. The action of G D commutes with that of ∆ so descends to an action on X = C × (C/∆).
In our subsequent examples we make use of the notation: for any complex number λ, let Z λ C be the group with multiplication
and action on X = C 2 :
Example 12.3 (Bβ1B). Suppose that
where k j are relatively prime positive integers. Pick a positive integer n.
where we write f (z) = e λz P e 2πiz and Z = e 2πit/n Z and W = e −λt W +P (Z ) n . This action is equivariant for the local biholomorphism
and check that X = X/π so that (X , G ) is a quotient of (X, G).
Example 12.4 (Bβ1C). Pick some positive integers
Let G be the set of pairs (τ, P ) where τ ∈ C and P is a complex polynomial of the form P (Z) = c j Z dj , with multiplication
To translate this action into a quotient action, we let m = d 1 and let n be the greatest common divisor of the
where Z = e 2πit/n Z and W = W − t n + P (Z ). This action is equivariant for the map (z, w) ∈ X = C 2 → (Z, W ) = e 2πiz/n , w − z/n ∈ X . Let π = (n, 1) ⊂ Z λ C and and check that X = X/π so that (X , G ) is a quotient of (X, G). Example 12.5 (Bβ1D). Pick a positive integer n, and relatively prime positive integers
is G D -equivariant, and the fundamental group of X is
Example 12.6 (Bβ1E). Pick an integer m = 0, and a positive integer n, and relatively prime positive integers k 1 , k 2 , . . . , k N and a complex number s.
Example 12.7 (Bβ1F ). Pick an integer m = 0, and a positive integer n, and relatively prime positive integers
The action of G = G D on X = C 2 commutes with the action of π = (n, 0), (0, 1) ⊂ Z λ C. The group π acts on X by (kn, s) ∈ π, (z, w) ∈ X → z + kn, (−1) k w + s . The same group π also acts on C by (kn, s) z = z + kn. The map (z, w) ∈ X → z ∈ C is equivariant. The quotient X = X/π maps to the quotient C/π = C × by (z, w) → e 2πiz/n , a holomorphic principal bundle C × → X → C × , the unique nontrivial holomorphic principal C × -bundle over C × ; see remark 11.10 on page 12. The action of G = G D on X = C 2 commutes with the action of π, with quotient map
The action is
where, if f (z) = P e 2πiz thenŻ = e 2πit/n Z andẇ = w + P Ż n .
Example 12.9 (Bβ1H). Pick an integer m = 0, and a positive integer n, relatively prime positive integers k 1 , k 2 , . . . , k N , a complex number s and a complex number τ in the upper half plane. Let λ = 2πim/n, let
, and let
The action of G = G D on X = C 2 commutes with the action of π, with quotient map
The action of G on X is
where, if f (z) = e 2πimz/n P e
Example 12.10 (Bβ1I). Pick a positive integer n, a complex number τ in the upper half plane, and a complex number λ so that e λn = 1 and e λn π 0 = π 0 where π 0 = Z [1, τ ]. For generic τ , this requires that e λn = −1, but for τ = i we can also allow e λn = ±i, while for τ = e 2πi/3 we can also allow e λn = ±e ±2πi/3 . Pick relatively prime positive integers
The surface X = C 2 /π is a bundle of elliptic curves W +π 0 ∈ C/π 0 over e 2πiz ∈ C × , with transition map (z, w + π 0 ) → z + 1, e λn w + π 0 . This transition map acts nontrivially on cycles in the elliptic curve, so gives us a topologically nontrivial holomorphic fiber bundle of elliptic curves; see example 4.1 on page 3. Every holomorphic fiber bundle C/Λ → X → C × arises uniquely in this way. Since π commutes with the action of G D , this action drops to an action of G = G D on X .
Proposition 12.11. Take a quotient (X , G ) = (X/π, G/ (G ∩ π)) of (X, G) = C 2 , G D for an effective divisor D on C of degree ≥ 2. Either π = {1} or, up to isomorphism, (X , G ) is a unique one of the examples Bβ1A, Bβ1B, . . . , Bβ1I. In each of those examples, we can replace τ by PSL(2, Z)-action without altering the isomorphism type. Otherwise, all parameters in each of the examples Bβ1A, . . . , Bβ1I are determined by the isomorphism type.
The proof of the above proposition requires several lemmas. A quasiperiod of an effective divisor D on C is a complex number ∈ C so that, for every f ∈ V D , f (0) = 0 just when f ( ) = 0. If λ has order more than 1 in D, then f (z) = e λz z ∈ V D vanishes only at z = 0, so the only quasiperiod is = 0. Therefore if there is a nonzero quasiperiod of D, then D has order 0 or 1 at every point of C. By translation invariance of V D , the quasiperiods are a subgroup of C. Let Q D ⊂ C be the abelian subgroup of quasiperiods of D. We will see that each quasiperiod ∈ Q D determines a complex number, its weight γ ∈ C × , by
for all f ∈ V D with f (0) = 0. Construct a group Q D C with the multiplication
The group Q D C acts on C 2 by ( , s) (z, w) = ( + z, γ w + s) , effectively and freely. We will see that Q D C is the group of biholomorphisms of C 2 which commute with the action of G D . If π ⊂ Q D C is a discrete subgroup acting freely and properly on X = C 2 , then form the quotient X = C 2 /π with quotient action of
Lemma 12.12. Suppose that D is an effective divisor on C. After perhaps replacing D by a rescaling
and Q D = C or (3) for some λ ∈ C and relatively prime positive integers k 1 , k 2 , . . . , k n ,
and Q D = Z and every f ∈ V D satisfies f (z + 1) = e λ f (z).
, then every f ∈ V D has the form f (z) = c e λz , so f (z) = 0 for some z just when c = 0, so just when f (z) = 0 for all z, so Q D = C.
If D has degree n ≥ 2 at some point λ ∈ C, then V D contains the function f (z) = e λz z so there are no quasiperiods. Therefore quasiperiods exist only when D has multiplicity zero or one at any point of C, say D = j [λ j ], with distinct λ 1 , λ 2 , . . . , λ n , so that the functions f ∈ V D are the functions
In particular, if we choose all but two of the coefficients to vanish, say
then the roots of f (z) lie at the points
The quasiperiods lie among the differences between the roots:
and in particular Q D is generated by a single element, say
for some integer k 12 . By the same argument,
for some integer k ab , so that
Rescale to arrange that 0 = 1, and let λ = λ 1 so that λ j = λ + 2πik j for distinct integers k j . Since now all of the λ j lie on a vertical line in the complex plane, we can pick λ 1 (by reordering these λ j ) to arrange that all k j are positive. If m is the greatest common divisor of the various k j , then 1/m is a quasiperiod, so the k j are relatively prime.
Lemma 12.13. Every complex homogeneous surface whose germ at a point is isomorphic to the germ of the action of
Proof. Suppose that δ : C 2 → C 2 is a biholomorphism commuting with all elements of G D . Write δ as (z, w) → (Z, W ), so that commuting with (t, f ) ∈ G D is precisely
We can choose f to take on any value at any point. So our first equation tells us that Z(z, w) cannot depend on w, say Z(z + t) = Z(z) + t, and setting z = 0 gives Z(z) = z + for some constant ∈ C. Our second equation then says W (z + t, w + f (z + t)) = W (z, w) + f (z + t + ). Take f = 0 to see that W (z, w) is independent of z, say W (z, w) = W (w). Differentiate in w to find that W (w) is constant so that W (w) = s + γw, say, for some constants s, γ. Plug back in to find γf (z) = f (z + ) for all z. In particular, f (0) = 0 just when f ( ) = 0, for all f ∈ V D , so is a quasiperiod and γ = γ .
We need to classify discrete subgroups π ⊂ Q D C, up to equivalence, i.e. up to conjugacy δπδ −1 by automorphisms (δ, h) of (X, G) = C 2 , G D fixing 0 ∈ C 2 . Lemma 12.1 on page 14 classifies the automorphisms. Under the automorphism δ(z, w) = (z, νw), for some ν ∈ C × : ( , s) → ( , νs). Under the automorphism
Write out the functions f ∈ V D+[0] to see table 5 on the facing page.
We prove proposition 12.11 on page 18.
Proof. For each divisor D we only have to check that the discrete subgroups π ⊂ Q D C are precisely those occuring in our examples. Suppose that π ⊂ {0} C ⊂ Q D C. Then π is a discrete group of translations on C. If D has positive degree at 0 then π ∩ G = π, so the induced effective group action is G = G/π acting on Table 5 . The action of automorphisms of (X,
Here {k j } is any finite set of relatively prime nonzero integers, λ / ∈ 2πiZ, ν ∈ C × is arbitrary, and t ∈ C is arbitrary.
itself by translations: Bβ1A0 If D has zero degree at 0, then G ∩ π = {0}, and the quotient group is G = G D : Bβ1A1. So we can assume that π ⊂ Q D C is not contained in {0} C. By lemma 12.12 on page 19, we can assume that Q D = Z and that
with relatively prime positive integers k j and every f ∈ V D satisfies f (z + 1) = e λ f (z). The morphism Q D C → Q D = Z has image on π equal to nZ for a unique integer n > 0, so π contains an element (n, s) for some s ∈ C. The action of Q D C on X = C 2 is (n, s) ∈ Q D C, (z, w) ∈ C 2 → z + n, e λn w + s ; every nonidentity element (n, s) acts without fixed points. The exact sequence
× . If π 0 = {0} then π is freely generated by a unique element (n, s) with n > 0. If e λn = 1 or if λ = 0 then use an automorphism of G from table 5 to arrange that s = 0: Bβ1B.
If, after rescaling, π = (n, 1) with n > 0 and e λn = 1, then say λ = 2πim/n with m ∈ Z × : Bβ1C. If π 0 is generated by a single element, rescale to assume that that element is 1. To ensure e λn π 0 = π 0 we have e λn = ±1, i.e. λ = πim/n for some integer m and π = (n, s) , (0, 1) . If λ = 0 then we have Bβ1D. Otherwise, if e λn = 1 then we have Bβ1E. If e λn = −1, arrange by automorphism that s = 0, i.e. π = (n, 0) , (0, 1) : Bβ1F .
Suppose that π 0 is generated by two elements, i.e. π 0 ⊂ C is a lattice. If λ = 0, then Bβ1G, and if not but e λn = 1, then Bβ1H. So suppose that e λn = 1; arrange by automorphism that s = 0 to find Bβ1I.
13. Bβ2: constant coefficient linear ODE with rescaling
2 by the name C2, and it is easy to see that the action is isomorphic to C2 as described in section 6 on page 5; henceforth we assume deg D ≥ 2 and then Lie denotes G D acting on C 2 by the name Bβ2.
Equivalent actions.
Remark 13.1. Consider three different families of morphisms.
, where n j ∈ Z >0 is a multiplicity and λ j ∈ C is a point. Pick any nonzero complex numbers µ, ν and let
Composing these isomorphisms together, we can carry out any complex affine transformation of D.
Lemma 13.2. Pick effective divisors D and E on C. If a biholomorphism δ : C 2 → C 2 is equivariant for a group morphism h : G D → G E , then modulo a composition of the morphisms defined in remark 13.1, δ = id and E − D is effective or zero and h is the inclusion morphism. The isomorphism classes of complex homogeneous spaces C 2 , G D are parameterized by the isomorphism classes of effective divisors on C modulo complex affine transformation.
Proof. Suppose that δ : C 2 → C 2 is a biholomorphism and h : G D → G E is a Lie group homomorphism so that δ • g = h(g) • δ for any g ∈ G D . If h(g) = I, then δ • g = δ so g = I and h is 1-1. For any g ∈ G E , we can replace δ by gδ and h by Ad(g)h. Since G E acts transitively, we can assume without loss of generality that δ(0, 0) = (0, 0). Denote δ(z, w) by δ(z, w) = (Z(z, w), W (z, w)) and h(t, λ, f ) by h(t, λ, f ) = (T, Λ, F ). Equivariance under h says precisely that
for all (t, λ, f ) ∈ G D and all z, w ∈ C 2 . In particular, if f = 0, we find
The Taylor series of the left hand side of the first equation depends on λ, w only through powers of λw, while the right hand side depends only on powers of λ and, separately, powers of w, so both sides are independent of λ and w: Z(z+t) = Z(z)+ T (t, 0, 0). So Z(z) = Z(0) + T (z) = T (z), and so Z is additive, and continuous, so Z(z) = c 1 z for some constant c 1 ∈ C × and T (t, λ, 0) = c 1 t. Conjugate with the second type of morphism above to assume c 1 = 1. Plug back in to get T (t, λ, f ) = t.
Our equations are now
for all (t, λ, f ) ∈ G D and all z, w ∈ C 2 . Again, expand the left hand side in λw, and then the right hand side can only involve λ terms and w terms in the same order, so Λ(t, λ, f ) = Λ(t, f )λ k and W (z, w) = W (z)w k for some integer k. To have δ a biholomorphism, k = 1, so Λ(t, λ, f ) = Λ(t, f )λ and W (z, w) = W (z)w. Plug back in to get W (z + t) = Λ(t, f )W (z) and W (z)f (z) = F t,f (z). Clearly Λ(t, f ) = Λ(t) is independent of f , and a group homomorphism so Λ(t) = e at and W (z) = ce at . Using our second and third family of isomorphisms, arrange Λ(t) = 1 and W (z) = 1 and we find δ = id and h = id. 
2 is a complex line through 0 and q : L → C is a homogeneous polynomial of degree n. The surface O(n) is acted on by the group GL(2, C) of linear substitutions of variables of C 2 , and is also acted on by the group Sym n C 2 * by adding a globally defined homogeneous polynomial to the polynomial on any given line. The subgroup Z n ⊂ GL(2, C) of scalings of variables by n-th roots of unity acts trivially. Consequently the group
acts on the surface X = O(n) with group operation
.
Lie denotes the action of G on X by Bδ4.
14.2. The biholomorphism group.
Lemma 14.1. For any integer n ≥ 0,
Proof. For n = 0, clearly O(n) = P 1 × C, and the result is clear. If n > 0, then by the Meyer-Vietoris sequence applied to affine charts
the homology groups are those of the zero section: . Deform Z through compact complex curves, to some other compact complex curve Z in the same homology class which does not coincide with Z . Since Z and Z are compact complex curves,
The number of intersections of Z with any fiber of O(n) → P 1 is just the degree of Z → P 1 , i.e. the integral
where Ω is the pullback of the area form on P 1 for the standard metric. Clearly this depends only on homology class, so Z intersects each fiber precisely once, i.e. Z is a holomorphic section of O(n) → P 1 , and therefore is the graph of a homogeneous polynomial in two variables. We can therefore compose our biholomorphism f with a biholomorphism from the group
to arrange that f preserves the zero section, and that the composition
is the identity. Moreover, f preserves the subvarieties of O(n) which are the images of holomorphic sections of O(n) → P 1 , i.e. the homogeneous polynomial functions of two variables.
The tangent lines to the holomorphic sections of O(n) → P 1 are precisely the complex lines in the tangent planes of O(n) which are not tangent to the fibers of O(n) → P 1 . Therefore the tangent lines to the fibers of O(n) → P 1 are also preserved by f , and so the fibers are preserved too. We can write f (L, q) = (L, r) where q, r ∈ Sym n (L) * . For fixed L, this map is a holomorphic map of a complex line, fixing the origin, so a dilation f (L, q) = (L, c(L)q). This map c : P 1 → C is holomorphic, so constant. Therefore f (L, q) = (L, cq) and f lies in the group
14.3. Quotient spaces.
Proof. For each point of X, there is an element g ∈ G with that point as its unique fixed point. Therefore every biholomorphism commuting with G fixes every point of X: X has no quotients.
Denote by ± n the group ±1 if n is even, and 1 if n is odd. Lie denotes the action of the subgroup
Proof. Every point of P 1 is fixed by some element of G. Therefore every biholomorphism of X commuting with G fixes every point of P 1 . Every biholomorphism of X is an element of (GL(2, C) /Z n ) Sym n C 2 * , say (g, p). Commuting with every element of G, we must have (g, p) = (I, p). The fixed points of (I, p) are permuted by all elements of G, and therefore there are no fixed points, i.e. the homogeneous polynomial p has no zeroes, a contradiction; so (X, G) has no quotients.
15. Bγ4: restricting line bundles to C Pick a positive integer n. Let G ∞ ⊂ GL(2, C) /Z n be the subgroup fixing ∞ ∈ P 1 , i.e. the group of 2 × 2 complex matrices of the form a b 0 d modulo roots of unity, i.e. modulo the matrices λI where λ n = 1 and λ ∈ C. Consider the group
This subgroup preserves the domain of the affine chart, and acts transitively there. The stabilizer of a certain point is the subgroup of pairs
with and p(0, 1) = 0. We let X ⊂ O(n) be the orbit of G. Let us be more explicit. Take homogeneous coordinates
Trivialize O(n) over the complement of ∞ ∈ P 1 by
where L is the line Z 1 = zZ 2 and q = w Z n 2 | L . These (z, w) are global coordinates on X so X = C 2 . In these coordinates, elements
15.1. Quotient spaces. The action of G on X = C 2 includes all translations, so the biholomorphisms that commute with G are translation invariant, so are translations. Only the translation by 0 commutes with all rescalings
Therefore there are no quotients of this action.
Bγ1 and Bγ2
16.1. Definition. Consider the subgroup H ∞ ⊂ GL(2, C) /Z n of elements which fix the point ∞ ∈ P 1 . Let L ∞ ⊂ C 2 be the line consisting of vectors
with an eigenvalue, say λ 1 , and act on Sym n C 2 /L ∞ * with another eigenvalue,
this map is onto with connected 1-dimensional kernel. As in section 9 on page 6, for each p ∈ P 1 we have a connected complex subgroup
In turn this yields a connected subgroup G = G p = H p Sym n C 2 * acting transitively on the affine plane X = C 2 ⊂ O(n). Writing out the group action, we find that if
, so a special case of Bβ2.
We want to connect to Lie's notation [5] p .767-773. Pick a complex number c and an integer n ≥ 1. (Let k = n + 1 to match Olver's notation [8] p. 472, and r = n + 1 to match Lie's notation.) Consider the group of 2 × 2 complex matrices of the form µ e
where µ n = 1, which is parameterized by arbitrary choices of the two complex numbers b and λ. This group contains the group of all rescalings by n-th roots of 1, so let C n c be the quotient by the n-th roots of 1. Clearly C n c ⊂ GL(2, C) /Z n , so we have a group
acting on O(n), fixing the line
The group C n c Sym n C 2 * acts on O(n) preserving the affine plane X = C 2 ⊂ O(n), the unique open orbit of this group. In our previous notation C The center of G consists precisely in these translations. So the quotients are (G , X ) = (G/π, X/π) where π = {0} × Λ for any discrete subgroup Λ ⊂ C.
Bγ3
17.1. Definition. Pick an integer n ≥ 1, which we will also write as n = k to match Olver's notation [8] p. 472. Then consider the subgroup C n of elements Once again this subgroup acts preserving the domain of the affine plane X = C 2 ⊂ O(n), where it acts transitively. The stabilizer of a point is the subgroup b = 0 and r(0, 1) = 0.
Quotient spaces.
The action of G on X = C 2 includes all translations, so the biholomorphisms that commute with G must be translation invariant, so must be translations. No translations commute with all elements of G except translation by 0, so this action has no quotients. [6] , [8] p. 472). The constants appearing in the table are constrained as follows: n is any integer ≥ 1, D is any effective divisor on C with deg D ≥ 2 (perhaps with some additional conditions detailed above), α can be any complex number except that α = 1, β can be any complex number, λ can be any complex number with |λ| < 1, ∆ can be any discrete subgroup in either C or C 2 as required, and Λ is a lattice in C or C 2 as required. Write Aff C (C) → G → Aff C (C) to mean a connected complex Lie group which is a covering group of the group of complex affine transformations of C. Let Eτ = C/Z [1, τ ] and ω = e πi/3 . Further information on this table is given in section 3 on page 2.
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